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ABSTRACT 
 
A finite-element model of a two-dimensional slice of human atrial tissue for the 
study of the electrograms and propagation of action potentials is presented. Action 
potential propagation is described by a reaction-diffusion model coupled with the 
complex Courtemanche et al. atrial cell model. The effects of recording electrode size 
and location on electrograms are presented. Action potential propagation as a result of 
atrial fibrillation ablation therapy is also modeled by defining a lesion area with 
decreased electrical conductivity. The effect of electrical conductivity and geometry of 
the lesion was also studied. It is shown that the success rate of atrial fibrillation ablation 
therapy is primarily correlated with the creation of continuous ablation lines and also the 
formation of fibrous tissue. 
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CHAPTER 1 
INTRODUCTION 
 
1.1  Problem Statement 
 
Computational models of cardiac electrical activity and action potential 
propagation are becoming increasingly important for understanding the development and 
propagation mechanisms of arrhythmias and have received considerable attention 
recently. Atrial fibrillation (AF) is one of the most common arrhythmias, often leading to 
severe complications such as heart failure and stroke (Kannel et al, 1982). 
Atrial fibrillation was first reported in 1909 as “auricular fibrillation”, common in 
people with heart disease (Lewis, 1909). Fibrillation means “to contract very fast and 
irregularly” ("What Is Atrial Fibrillation?", 2009). AF occurs when disorganized 
electrical signals cause two upper champers of the heart, atria, beat faster than rest of the 
heart. Therefore, the upper chambers of the heart cannot pump all the blood to the 
ventricles, the lower chambers of the heart causing the heart to not function normally. AF 
provokes discomfort and often leads to severe complications such as heart failure, blood 
clots, heart attack, and stroke. Heart failure complicated by AF is associated with 
excessive mortality (Stewart et al, 2002). 
Radiofrequency ablation has emerged as a potential treatment for patients with 
AF with numerous studies over the past two decades aimed at improving the treatment 
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outcome. This technique involves positioning a catheter in the atrium and applying 
radiofrequency energy to the atrial tissue, causing changes in the electrical properties of 
the atrium thereby decreasing the future risk of fibrillation. The overall goals of this 
technique include removal of all potential triggers that may initiate fibrillation and to 
alter the conduction properties of the atria such that fibrillation cannot be sustained even 
when triggered. 
One of the most common approaches to this modification is to create continuous 
transmural linear lesions that form barriers to conduction. (Earley & Schilling, 2006)The 
main goal of creating ablation lines in the atria is to create insulated barriers in the tissue 
to redirect the disorganized signals to follow a normal pathway. It is very important to 
create a continuous and transmural ablation lines. Any discontinuities in the ablation line 
can lead to the reentries and sustaining the fibrillation (Thomas, 1999). 
Creating linear lesions in the tissue destroys some excitable cells and alters the 
conductivity properties of the tissue. Ablated areas are replaced by fibrous tissues during 
healing (Haines, 2000) with an electrical conductivity lower than normal tissue and 
thereby altering the conduction properties.  
The use of computers and numerical models to reproduce heart electrograms and 
action potential is not recent. There are numerous designs in simulating the electrical 
propagation in the heart tissue. Generally, these models are extremely demanding in 
terms of computational resources.  
Less computationally demanding model is based on less detailed atrial cell 
models such as the Fitz-Hugh-Nagumo model with 1 or 2 variables which is far less 
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accurate than the more complex ion-channel models such as Courtemanche et al. model 
with 21 variables (Courtemanche et al. 1998) (Fitz-Hugh, 1961).  
This work presents a detailed numerical study of a two-dimensional slice of 
human atrial tissue using the complex Courtemanche et al. atrial cell model. 
There are several advantages in reproducing arrhythmias in a numerical model 
compared to the vivo experiments: 
 Having a full control of all parameters in the model. 
 Predicting the experiment results  
 Reproducing the experiments and results 
 Having a full access to data compared to a few parameters in vivo experiments. 
The ultimate goal of this thesis is: 
 To develop a realistic numerical model of atrial electrograms recorded via a 
mapping catheter.  
 To better understand the action potential propagation as a result of atrial 
fibrillation ablation therapy. 
 
1.2  Organization of the Thesis 
 
This thesis is organized in six chapters. 
Chapter 2 presents a brief overview of the overall function of the human 
cardiovascular system and atrial fibrillation. The prevalence and incidence of atrial 
fibrillation are presented. It also discusses the currently available ablation procedure for 
atrial fibrillation treatment.  
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Chapter 3 presents an overview in the electrical activity in the heart and the 
concepts of cell excitability and action potential. A description of the principal ions 
involved in the action potential is provided. The basics of myocardial action potential and 
electrocardiogram (ECG) are introduced in conjunction with the standard mathematical 
model of cardiac action potential. 
Chapter 4 describes a mathematical cell model of atrial human myocyte by 
Courtemanche et al. The model is regenerated and solved with a various integration 
methods. The comparison of the model solved with two different methods is presented. 
The mathematical atrial tissue model is also presented as well as atrial action potential 
propagation in a two-dimensional model. 
Chapter 5 discusses the mathematical model of atrial electrograms. It presents the 
unipolar and bipolar electrogram models. The results are compared to the human data. It 
describes the effect of the catheter electrode characteristics on the shape of the atrial 
electrogram signals.  
Chapter 6 presents the atrial fibrillation ablation model. Atrial fibrillation is 
induced to the model. Then, the effects of the complete ablation and fractional ablation 
on propagation of atrial fibrillation are shown. It also discusses the effect of electrical 
conductivity of the ablation line on the propagation of action potential in a two-
dimensional tissue.  
Chapter 7 concludes the thesis with a discussion of the main developments of this 
thesis and possible future works.  
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CHAPTER 2  
ATRIAL FIBRILLATION 
 
2.1 Introduction 
 
Heart disease is the leading cause of death worldwide with approximately, 
700,000 deaths every year (Minino et al. 2007). The heart made of four chambers: right 
atrium, left atrium, right ventricle and left ventricle pumps blood throughout the body to 
supply oxygen and nutrients for other organs (FIGURE 2 - 1). 
 
 
 
 
 
 
 
FIGURE 2 - 1 - Heart chambers and conduction system. (Tyler Cardiovascular 
Consultants, 2008) 
 
The right side of the heart receives and pumps blood low in oxygen and the left 
side of the heart receives and pumps blood high in oxygen. The mechanical activity of the 
heart is controlled by the electrical activity in the heart. Conduction system of the heart 
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consists of the sinoatrial node (SA), interatrial pathway, atrialventricular node (AV), 
intermodal pathway, atrioventricular bundle (AV bundle and bundle of His), right and left 
bundle branches, and purkinje fibers.  
The rhythmic or pacing signal is normally generated at the SA node and spreads 
throughout the left and right atrium causing them to contract and pump blood into the 
ventricles through the open valves. Then the signal reaches the AV node and quickly 
spreads throughout the left and right ventricular causing them to contract and pump the 
blood out of the heart. As the ventricles begin to contract, the atria have completed their 
contraction. The atria relax until the arrival of next impulse from, the SA node. This 
process occurs during the normal heart beat. The SA node is able to generate between 50 
and 150 impulses per minute depending on body requirements. Heart electrical activities 
can be recorded via electrodes placed on the chest. The graphical picture of the heart 
electrical signals is called an electrocardiogram (ECG or EKG). 
Abnormal electrical activity in the heart known as heart arrhythmia, cause the 
heart to beat too slow, too fast or irregular. Most arrhythmias are risk-free, but some can 
be very serious or even life threatening and result in sudden death (Benjamin, 1994).  
 Atrial Fibrillation is one of the most common arrhythmias that often lead to 
severe complications such as heart failure and stroke. AF is associated with excess 
mortality and is a growing problem that needs attention.  
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2.2  Prevalence and Incidence of Atrial Fibrillation  
 
Atrial arrhythmias are clinically important because they are so common. Atrial 
ﬁbrillation alone occurs in 0.95 % of the general population. AF is more common in men 
than women and its prevalence increases with age, ranging from 0.1% in persons below 
55 years and 9.0% in persons above 80 years (Go, et al., 2001) . 
AF affects more than 2 million Americans, and its prevalence is projected to 
increase to more than 5.6 million by the year 2050 as a result of the aging population 
(Go, et al., 2001). 
Medical costs for patients with AF have been found to be 5-fold higher than those 
without the disease (Wu, et al., 2005). AF treatment cost is estimated at $6.65 billion in 
the U.S. in 2005 (Andrikopoulos et al. 2009). Breaking out this total into the categories of 
drugs and hospital inpatient, outpatient, and other costs (eg. laboratory), patients with AF 
have higher costs than non-AF patients in each category (FIGURE 2 - 2) (Wu, et al., 
2005). 
 
 
 
 
 
 
 
FIGURE 2 - 2 - Average annual cost comparison between patient with and without AF. 
(Wu, et al., 2005) 
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The number of patients with atrial fibrillation is increasing significantly. 
Therefore coordinated efforts are needed to optimize the treatment methods of atrial 
fibrillation to substantially increase the success rate and reduce the cost of hospitalization 
and medication.  
 
2.3 Normal Heart Electrical Activity vs. Atrial Fibrillation 
 
In AF, the heart electrical signals begin in several areas of the atrial wall, mainly 
in nearby pulmonary veins instead of the SA node. These signals usually spread 
throughout the atria in a rapid, disorganized way as they do not follow a normal pathway, 
causing the atria to fibrillate. This also affects the ventricles and makes them to beat very 
fast. However, the ventricles still cannot beat as fast as the atria. Thus, the ventricles and 
atria do not beat in the same rate and it causes heart arrhythmia. In AF, the ventricles 
beats at the rate of 100 to 175 beats per minute when the normal rate is 60 to 100 beats 
per minute ("What Is Atrial Fibrillation?", 2009). 
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FIGURE 2 - 3 - Comparison of normal electrical activity of heart vs. atrial fibrillation. 
The left figure shows the normal electrical pathways in the heart. The right figure shows 
the abnormal electrical pathways that occur during Atrial Fibrillation. (Fowler, 2010) 
 
There are different types of AF: paroxysmal, persistent, and permanent ("What Is 
Atrial Fibrillation?", 2009). In paroxysmal AF, the abnormal heart rhythm begins 
suddenly and stops on its own and usually last between 24 hours to 7 days. People with 
paroxysmal AF usually have episodes unexpectedly every day or only a few times a year, 
and can be dangerous (Schoenstadt, 2006). Persistent AF lasts more than 7 days and does 
not self-terminate. With treatment required to stop the abnormal rhythm. In permanent 
AF, the abnormal rhythm cannot be treated and the normal heart rate cannot be restored 
("What Is Atrial Fibrillation?", 2009). 
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2.4 Mechanism of Atrial Fibrillation 
 
There are two hypotheses of atrial fibrillation: the multiple wavelet and the focal 
source hypotheses (Rosenthal, 2010). The multiple wavelet hypothesis states that AF 
“would be generated by various wavefronts that would spread throughout the excitable 
atrial tissue” (Fernández, 2006). The focal source hypothesis proposes that AF would be 
initiated and maintained by some high frequency sources in some regions of the atrial 
tissue, especially nearby pulmonary veins (Fernández, 2006). 
Which mechanism precisely causes AF is not completely understood. According 
to observations over the last decade, both hypotheses are important in the mechanism of 
AF (Rosenthal, 2010). Research indicates the importance of focal triggers, particularly 
triggers of the pulmonary veins in the formation of reentrant wavefronts generated by 
irregular propagation of electrical signals (Khairy & Nattel, 2002). 
Atrial Fibrillation can be diagnosed during an electrocardiogram (ECG) 
recording. AF is distinguished from a normal rhythm with the presence of irregular 
function in the baseline of the ECG (Lead III and VI), absence of the P wave which 
illustrates atrial contraction as well as irregular R-R interval time duration between two R 
waves of the ECG (Patel et al. 2000). 
 
2.5 Atrial Fibrillation Treatment 
 
Atrial fibrillation can be treated by several methods including various 
medications, nonsurgical procedures, pacemakers, and/or surgical procedures. The goal 
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of all these treatments is to restore normal heart rhythm (Falk & Podrid, 1997). Studies 
show that the long-term antiarrhythmic medication for the treatment of AF is associated 
with a high rate failure (Stewart et al. 2002). Moreover, antiarrhythmic agents are focused 
more on the ventricular rate control not the atrial activity. Therefore, the most common 
treatment option available today is catheter ablation. In catheter ablation, some regions of 
the atrium tissue are burnt using a source of energy, usually radiofrequency pulses cause 
extensive tissue damage at the ablation site. As a result, the arrhythmia in the treated 
region is often corrected. Ablation therapy is believed to be more effective than the use of 
medication in maintaining the heart rhythm. Moreover, the patient does not need a long-
term antiarrhythmic medication after ablation procedure. Ablation therapy provides a 
quick procedure with a high degree of success that does not require open heart surgery 
(Song & Puskas, 2004). 
Radio-frequency (RF) catheter and emerged as an alternative for patients with AF 
over the past two decades (Song & Puskas, 2004). Many studies have been reported on 
improving the outcome of radiofrequency ablation for the treatment of AF. The method 
consists of introducing the catheter into the patient‟s heart chamber through a major vein. 
The first step is point-by-point mapping of the left atrium to construct a three-
dimensional image of the atrium through the use of a mapping catheter under a 
fluoroscopy or electroanatomic mapping system. The resulting image is then integrated 
on the Computed Tomography (CT) or Magnetic Resonance Imaging (MRI) of the 
patient‟s atrium (Eckstein et al. 2009). 
When the three-dimensional image is constructed, an ablation catheter is 
positioned in the chamber via the same blood vessel. Radiofrequency energy is then 
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applied to the metal electrode that is in contact with the arrhythmic substrate to create 
precise ablation lines that heal to become scar tissue and create insulated barriers in the 
tissue. The strategic positioning of ablation lines redirects the disorganized signals caused 
by AF to follow a normal pathway and correct irregular rhythm (Eckstein et al. 2009).  
 
2.6 The Limitations of the Catheter Ablation of Atrial Fibrillation 
 
Although, catheter ablation is the most effective treatment for AF, there are 
several issues with the procedure. One of the primary concerns is the accuracy of the 
three-dimensional image constructed by the CT or MRI. The CT or MRI usually is taken 
a few days prior to the procedure; there are significant differences in the volume of the 
atrium as determined by the CT or MRI and at the time of the procedure. Since ablation is 
based on the three-dimensional constructed image. Therefore, the ablation regions are not 
precise and accurate (Eckstein et al. 2009). 
Another concern with the catheter ablation is the identification of the 
arrhythmogenic foci to be ablated. Current techniques create the lesion lines around the 
pulmonary veins and on the septal wall of the atrium by dividing the atrium into four 
sections upon creating the lesion lines thereby redirecting disorganized signals to a 
normal pathway. Currently there is no technique to identify the arrhythmogenic foci and 
ablate them directly. In some cases, after the ablation treatment, the arrhythmias come 
back as a result of inaccurate termination of the arrhythmogenic causing misplaced the 
ablation regions. The treatment of AF remains mainly based on empirical considerations 
and is still challenging for the clinicians. Therefore, computer and numerical models have 
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gained some interest in understanding the mechanism of activation of atrial fibrillation 
and its behavior.  
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CHAPTER 3 
ELECTRICAL ACTIVITY IN THE HEART 
 
3.1 Introduction 
 
The heart is composed of conduction cells, pacemaker cells, and non-conductive 
cells. The conduction cells are found in the atria and ventricles tissue that control the 
heart contractions. The pacemaker cells are self exciting muscle cells and are found in the 
SA node, AV node, and purkinje fibers. The non-conductive cells are between atria and 
ventricles walls (Starr & McMillan, 2007). 
Contraction of the heart is due to the propagation of electrical impulses through 
its cells. The cells are arranged in a brick-like structure and are connected to each other 
through specialized intracellular junctions. These intracellular junctions (gap junctions) 
are the cell-to-cell electrical pathways and make the connected cells to work as one 
(Plonsey & Roger, 2007). 
The electrical impulses are generated by pacemaker cells, SA node and are 
propagated through the myocardium (cardiac muscle). Therefore, the stimulated 
myocardium contracts and causes the heart to beat (Plonsey & Roger, 2007). 
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3.2 Cardiac Action Potential  
 
Heart cells, like other biological cells have several types of ion channels in cell 
membranes that interact with each other through their transmembrane potential and 
capacitance. An action potential is a transient pulse of electrical charges across the cell 
membrane due to a rapid change in membrane permeability to certain ions. When a 
muscle cell is in a nonexcited state, the transmembrane potential is referred to as the 
resting potential. Each cell membrane has a resting transmembrane potential resulting 
from differences in the ions concentrations on each side of the membrane (extracellular 
and intracellular). When a cell is stimulated, the inside potential of the cell membrane 
becomes less negative called depolarization. When a sufficient area of the cell membrane 
is depolarized, the transmembrane potential increases to a critical level typically known 
as the threshold potential and remains elevated for a period of time before returning to 
resting potential. This is called the action potential. The action potential is a stimulus for 
excitation of adjacent cells and eventually contraction of the myocardium (Chiras, 2005). 
The principal ions involved in cardiac action potential are sodium (Na
+
), calcium 
(Ca
2+
), and potassium (K
+
). The intracellular space of all cells has a high concentration of 
K
+
 ions and low concentration of Na
+
 ions. Oppositely the concentration of Na
+
 ions is 
high and the concentration of K
+
 ions is low in the extracellular fluid. The difference 
between ion concentrations inside and outside the cells generates a resting 
transmembrane potential. 
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The standard mathematical model used for cardiac action potential is the 
ventricular action potential.  Cardiac  action potential has 5 phases as shown in FIGURE 
3 - 1. When the cell is subjected to a stimulating pacing pulse, several ion channels are 
activated and K
+
 ions diffuse out of the cell in the direction of their concentration 
gradients while Na
+
 ions move into the cell where the Na
+
 concentration is low. This 
process raises the transmembrane potential to its threshold (FIGURE 3 - 1). Once the 
threshold is reached, additional sodium channels are opened allowing sodium ions to 
move into the cell while potassium channels get closed. This causes the membrane 
potential to rise quickly until the peak action potential is reached (Phase 0). By that time 
the sodium channels begins to close. Due to the decrease in Na
+
 permeability action 
potential amplitude slightly decreases (repolarization) (Phase 1). The small repolarization 
in Phase 1 is also due to the small movements of K
+
 and Ca
2+
 ions. The balance between 
inward flow of Ca
2+
 and outward flow of K
+ 
creates Phase 2 of cardiac action potential or 
plateau phase. At this phase, the membrane action potential is at steady point near to zero. 
Due to the drop in the membrane potential, the calcium channels close while the 
potassium channels are still open. The outward movement of K
+ 
drops the membrane 
potential below zero and it causes more potassium channels to open. It initiates 
repolarization again and makes Phase 3. The voltage drops to its original value and 
remain steady until it is stimulated again (Phase 4) (Kibble & Halsey, 2009). 
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FIGURE 3 - 1 - Ventricular action potential. (Klabunde, 2008) (INa) refers to Na
+
 current, 
(IK) refers to potassium current, (Ito) refers to transient outward K
+ 
current, and (ICa,L) 
refers to the L-type inward Ca
2+ 
current. 
 
The atrial action potential is similar to the ventricular action potential. It consists 
of 5 phases. The only difference is that the plateau phase is longer in ventricular action 
potential to let the action potential to be spread to all ventricular tissue (Katz, 2006). 
The cardiac action potential is generated by the SA node. Cells within the SA 
node have no true resting potential and generate spontaneous action potential. In SA node 
action potential, the depolarizing is primarily due to the slow Ca
2+
 currents instead of by 
fast Na
+
 currents. SA node action potential consists of 3 phases (FIGURE 3 - 2) 
(Klabunde, 2005). 
Unlike other action potentials, the depolarization phase of SA node action 
potential, Phase 0 is created by increase in conductance to Ca
2+
 and decrease in 
conductance to K
+
. This is then followed by repolarization, Phase 3. In Phase 3, the 
conductance to Ca
2+
 is decreased and the conductance to K
+
 is increased. Once the 
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membrane potential reaches its threshold, the pacemaker potential will trigger the action 
potential and depolarization is occurred, Phase 4. In this phase, the K
+
 conductance is 
decrease and the conductance to Ca
2+
 and Na
+
 is increased (Klabunde, 2005) (Kibble & 
Halsey, 2009). 
 
 
FIGURE 3 - 2 - SA node action potential. (Klabunde, 2008) 
 
3.3 Measurement of Cardiac Electrical Activity (ECG) 
 
The electrical activity of the heart can be measured and recorded on the surface of 
the body with an electrocardiogram (ECG). A standard ECG has 12 leads that measure 
the electrical activity of the heart from 12 points. The standard ECG waveforms are 
illustrated in FIGURE 3 - 3. The ECG waveforms are due to the voltage changes during 
the myocardium excitation. (Kibble & Halsey, 2009) 
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FIGURE 3 - 3 - ECG waves and PR interval. QRS, ST-T, U, T, and P waves are shown. 
(Enderle et al. 2000) 
 
The atrial depolarization is seen as the P wave on the ECG. The QRS wave 
represents ventricular depolarization. It is followed by ventricular repolarization that is 
seen as the ST-T wave on the ECG. (Kibble & Halsey, 2009) The U wave follows T 
wave with very low amplitude. The duration atrial depolarization is called the PR 
interval. The QRS interval is the ventricular depolarization duration. The duration of 
ventricular depolarization and repolarization is called the QT interval. The RR interval 
represents the ventricular rate; it is the duration of ventricular cardiac cycle (Yanowitz, 
2010). The ECG reveals important information about the condition of the heart, heart rate 
and its rhythm. The ECG is the first step in the heart failure diagnosis.  
 
3.4 Mathematical Modeling of Electrical Activity of the Heart 
 
The field of applied mathematical and computational modeling in physiology has 
been vastly developed during the last decade and increased the use of models in the 
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medical industries. Computer modeling has become an essential tool for analyzing 
experimental data and diagnosing maladies. It provides crucial help for researchers and 
physicians.  
The first computer model of the cardiac action potential was developed by Denis 
Noble in 1960. The model used Hodgkin-Huxley equation to develop a mathematical 
model for ion channels (Noble & Hutter, 1960). Since then, many studies have been 
performed to develop better methods to improve the accuracy of the computer models. 
Hodgkin-Huxley is a mathematical model that describes the initiation of action 
potential in neurons and its propagation. The model evaluates total membrane potential 
Vm:  
    
 
  
                                                       (3.1) 
where Cm is the membrane capacitance, Vm is the membrane potential, and Ii is the ionic 
current across the membrane  obtained by the following equation:                                    
                                                           (3.2) 
where Gi is the conductance of the ion channel and Ei is the equilibrium potential 
(Plonsey & Roger, 2007). 
The Hodgkin-Huxley model was adapted to apply to cardiac action potential by 
expanding the number of ion channels. Therefore, the mathematical model of action 
potential in cardiac cell is developed and consequently the action potential propagation in 
the cardiac tissue can be obtained. 
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CHAPTER 4 
ATRIAL TISSUE MODEL 
 
4.1 Introduction 
 
One of the main factors impeding studies of atrial fibrillation mechanism and its 
therapy is the absence of a sufficient model to provide usable data (Kijtawornrat et al. 
2008). The recent development of the atrial tissue models with the more realistic 
anatomic structure provides an essential tool in the analysis of atrial arrhythmias.  
In order to develop a proper model of electrical activity in cardiac tissue, the 
current flow needs to be modeled within and between cells, across the cell membrane, 
and in the extracellular medium. The cell model consists of ion concentration, membrane 
potential, and transmembrane ionic current. The tissue model includes the cell 
interconnections and the overall geometric structure of the tissue.  
There are several models based on membrane ionic channel kinetics for atrial cell 
(Courtemanche et al. 1998). There are a number of factors to consider in the selection of 
a single cell model such as the computer power availability and the degree of accuracy 
desired (Cherry et al. 2000). In this project, the Courtemanche et al. model has been used; 
it is developed specifically for atrial cells (Courtemanche et al. 1998). 
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4.2 Courtemanche et al. Cell Model 
 
There are two mathematical ionic models published for human atrial cells model. 
One is the Nygren, et al. model with 30 variables and the other one is the Courtemanche 
et al. model with 21 variables (Courtemanche et al. 1998) (Nygren, et al., 1998). These 
models are capable of reproducing different action potential behaviors. Using these 
models, the role of different currents in atrial fibrillation can be investigated.  
In this research, the Courtemanche et al. model is used to mathematically model 
the human atrial action potential, based on the K
+
, Na
+
 and Ca
2+
 currents (Courtemanche 
et al. 1998). The tissue model is driven from the cell model by a finite element method.  
In the Courtemanche et al. model, the cell membrane is represented by a capacitor 
connected in parallel with variable resistances representing the ionic channels and 
batteries representing driving forces. The changes in membrane potential is given by  
  
  
  
            
  
                                                           (4.1) 
where Iion is the total ionic current in picoamperes per picofarad, Ist is the stimulus 
current, Cm is the total membrane capacitance in picofarads per unit area, V is the 
membrane potential in milivolts and time (t) is in milliseconds (Courtemanche et al. 
1998). 
In the Courtemanche et al. model, the total ionic current is given by 
                                                                                       (4.2) 
 
In this expression, the total ionic current takes into account the fast Na
+
 current 
(INa), the time-dependent K
+ 
current (IK1), the transient outward K
+ 
current (Ito), the 
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ultrarapid delayed rectiﬁer K+ current(IKur), the rapid delayed rectiﬁer K
+ 
current (IKr), the 
slow delayed rectiﬁer K+ current (IKs), the L-type inward Ca
2+ 
current (ICa,L), the 
sarcoplasmic Ca
2+ 
pump current (Ip.Ca), the Na
+
- K
+ 
pump current (INaK), the Na
+
-Ca
2+ 
exchanger current (INaCa), the background Na
+
 current (Ib,Na), the background Ca
2+ 
current 
(Ib,Ca) (Courtemanche et al. 1998). 
The model tracks the intracellular concentrations [Na
+
], [Ca
2+
], and [K
+
], and the 
handling of intracellular [Ca
2+
] concentration by the sarcoplasmic reticulum system (SR). 
The extracellular ion concentrations are kept to be fixed here. The membrane capacitance 
is Cm = 1 μF/cm
2 
(Courtemanche et al. 1998). 
The intracellular compartment is the sarcoplasmic reticulum (SR), which is 
divided in to two sub-compartments: the network SR (NSR) and the junctional SR (JSR). 
The schematic diagram of the cell model is shown in FIGURE 4 - 1 (Courtemanche et al. 
1998). 
 
 
FIGURE 4 - 1 - Schematic diagram of the cell model. The diagram represents ionic 
currents, pumps, and exchangers. The intracellular compartments are myoplasm, 
sarcoplasmic reticulum (SR) consisting junctional SR (JSR)[release compartment], and 
network SR (NSR) [uptake compartment] (Courtemanche et al. 1998). 
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In this model, the intracellular concentrations [Na
+
], [K
+
], and [Ca
2+
] are given by 
the following equations: 
       
  
  
                         
   
                              (4.3) 
      
  
  
                                   
   
                                       (4.4) 
       
 
  
 
 
                         
    
  
                            
  
 
    
               
                
   
               
                
  
                       (4.5) 
where [X]i is the intracellular concentration of ion i, F is the Faraday constant, Vi is the 
intracellular volume, Vup is the SR uptake compartment volume, Iup,leak is the Ca
2+
 leak 
current from the NSR, Iup is the Ca
2+
 uptake current into the NSR, Irel is the Ca
2+ 
release 
current from the JSR, Vrel is the SR release compartment volume, [Trpn]max is the total 
troponin concentration in myoplasm, Km,Trpn is the Ca
2+
 half-saturation constant for 
troponin, [Cmdn]max is the total calmodulin concentration in myoplasm, Km,Cmdn is the 
Ca
2+
 half-saturation constant for calmodulin (Courtemanche et al. 1998). 
The uptake and release concentration of Ca
2+
 by sarcoplasmic reticulum are given 
by: 
       
  
  
                  
    
   
                            (4.6) 
       
   
 
  
               
               
                  
  
  
                 (4.7) 
where [Ca
2+
]up and [Ca
2+
]rel are Ca
2+
 concentration in uptake and release compartment, 
respectively, Iup is the Ca
2+
 uptake current into NSR, Iup,leak is the Ca
2+
 leak current form 
the NSR, Itr is the Ca
2+
 transfer current from NSR to JSR, Vrel and Vup are the SR release 
and uptake compartment volumes, respectively, Irel is the Ca
2+
 release current form JSR, 
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[Csqn]max is the total calsequestrin concentration in JSR, Km,Csqn is the Ca
2+
 half saturation 
constant for calsequestrin (Courtemanche et al. 1998).  
The ionic concentrations were solved with Euler‟s method in the Courtemanche et 
al. model. In this research, all the ionic concentrations and gating parameters are solved 
with Matlab using the Runge-Kutta (4,5) integration method. The results are shown in 
FIGURE 4 - 2.  
 
 
 
 
 
FIGURE 4 - 2 - Ionic concentrations variable obtained with the Runge-Kutta (4,5) 
integration method. 
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FIGURE 4 - 2 - (Continued) 
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As FIGURE 4 - 2 shows, when stimulus current is applied, there is a slow inward 
movement of Ca
2+
 to a max point where it represents Phase 2 of AP and then decreases as 
AP enters Phase 3 and the L-type Ca
2+
 channels close. Intracellular K
+
 concentration 
starts decreasing when an impulse is applied due to the outward movement of K
+
 through 
the Phase 1 to 4. Na
+
 concentration has a sharp rise since the excitation opens the fast Na
+
 
channels and causes influx of Na
+
 ions. The inactivation of the fast Na
+ 
channels creates 
Phase 1 of AP.  
In the Courtemanche et al. model, cell compartment volumes are based on Luo 
and Rudy model. According to Luo and Rudy, the volume fraction of SR (FSR) is 
modeled at 6% of the cell volume. The SR volume is then divided into JSR (8%) and 
NSR (92%). Therefore, the volume fraction of JSR is 0.48% = 8% * 6% and the volume 
fraction of NSR is 5.52% = 92% * 6% of the cell volume. The mitochondria volume 
fraction is set at 26% (Schaper et al. 1985). The remaining volume is the fraction of 
myoplasm at 68%. In the stated model, the fraction volume of the cell and cleft is 
assumed to be 88% and 12%, respectively (Forbes & Sperelakis, 1989) (Gerdes & 
Kasten, 1980) (Severs et al. 1985). 
Ionic currents in the Courtemanche et al. model are based on the equilibrium 
potential of ion X (EX) and the maximal conductance of ion X (gX). The equilibrium 
potential is given by Nernst equation: 
    
  
  
   
    
    
                                                 (4.8) 
where R is the gas constant, T is the temperature, z =1 for Na
+ 
and K
+
, z=2 for Ca
2+
, F is 
the Faraday constant, [X]e is the extracellular concentration of ion X and [X]i is the 
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intracellular concentration of ion X. The extracellular concentrations are assumed to be 
constant in this model (Courtemanche et al. 1998).  
 
4.2.1 Fast Na+ Current 
 
The large and rapid inward Na
+
 current is the major responsible current of the 
depolarization phase at the beginning of the action potential. The current is given by 
        
                                                    (4.9) 
where m, h, and j are gating variable and are calculated using equation (4.9). V is the 
transmembrane potential and gNa = 7.8 nS/pF (Courtemanche et al. 1998). 
  
  
  
     
  
                                                               (4.10) 
where y is any gating variable 
           
  
                                               (4.11) 
The coefficients of gating variables m, h, and j are given by: 
    
     
       
                    
          
 
                                    
                               (4.12) 
            
 
  
                                                 (4.13) 
    
           
    
   
              
 
                               
                                              (4.14) 
    
                                             
 
             
       
    
                        
               (4.15) 
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(4.16) 
    
       
              
                        
               
 
    
                  
                  
               
                    (4.17) 
 
 
 
 
 
 
 
 
 
FIGURE 4 - 3 - Steady state activation and inactivation curves of the fast Na
+
 channel 
parameters. The data given in the Courtemanche et al. report is shown on the left figure 
(Courtemanche et al. 1998).  
 
In the Courtemanche et al. model direct integration was used to solve all the 
gating variables (Courtemanche et al. 1998). In this report, gating variables are solved in 
a system of ODEs by Matlab using the Runge-Kutta (4,5) integration method. FIGURE 4 
- 4 shows the gating parameters of the fast Na
+
. The gating variables change in 0 to 1 
range, close to open state respectively.  
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FIGURE 4 - 4 - Gating parameter variables of the fast Na+ channel with the Runge-Kutta 
(4,5) integration method. 
 
The fast Na
+
 current is shown in FIGURE 4 - 5. 
 
 
 
 
 
FIGURE 4 - 5 - The fast Na
+
 current in a period of 1000 ms and stimulus current at 
100ms. 
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4.2.2 Time-Dependent K+ Current 
 
K
+ 
current is significant in determining resting membrane potential and resistance 
and plays an important role in the late repolarization phase of action potential. The 
current is given by: 
     
         
                 
                                              (4.18) 
where gK1 =0.09 nS/pF (Courtemanche et al. 1998). 
Time-dependent K
+ 
current is shown in FIGURE 4 - 6.  
 
 
 
 
 
 
 
FIGURE 4 - 6 - Time-dependent K
+
 current in a period of 1000 ms and stimulus current 
at 100 ms. 
 
4.2.3 Transient Outward K+ Current 
 
Transient Outward K
+ 
current is given by:  
         
                                                   (4.19) 
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where Oa and Oi are gating variables and are calculated using equation (4.9), and 
gto=0.1652 nS/pF (Courtemanche et al. 1998). 
The coefficients of gating variables are given by: 
                    
                                              (4.20) 
                 
    
   
        
    
    
                               (4.21) 
                     
    
    
                                   (4.22) 
               
       
     
                                    (4.23) 
                    
                                          (4.24) 
                  
       
     
                                   (4.25) 
                  
      
    
                                 (4.26) 
              
      
   
                                         (4.27) 
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FIGURE 4 - 7 - Steady state activation and inactivation curves of the transient outward 
K
+
 current parameters. The data given in the Courtemanche et al. report is shown on the 
left figure (Courtemanche et al. 1998).  
 
KQ10 is the temperature adjustment factor, KQ10 = 3 (Courtemanche et al. 1998). 
FIGURE 4 - 8 shows the gating parameters of the transient outward K
+ 
current using the 
Runge-Kutta (4,5) integration method.  
 
 
 
 
 
 
FIGURE 4 - 8 - Gating parameter variables of the transient outward K
+
 current at a 
period of 1000 ms. 
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FIGURE 4 - 8 - (Continued) 
 
The transient outward K
+ 
current is shown in FIGURE 4 - 9.The current increases 
with stimulus current and then slowly decreases to zero. The current plays an important 
role in Phase 1 and 2 of AP. The result is in agreement with data from Courtemanche et 
al (Courtemanche et al. 1998). 
 
 
 
 
 
 
 
FIGURE 4 - 9 - Transient outward K+ current in a period of 1000 ms and stimulus 
current at 100 ms. 
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4.2.4 Ultrarapid Delayed Rectiﬁer K+ Current 
 
This current is given by: 
           
                                             (4.28) 
where ua and ui are gating variables and are calculated using equation (4.9), and gKur  is 
given by:  
            
    
      
      
   
 
                             (4.29) 
The coefficients of gating variables are given by: 
                    
                                         (4.30) 
                 
    
   
        
    
    
                           (4.31) 
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FIGURE 4 - 10 - Steady state activation and inactivation curves of the ultrarapid delayed 
rectiﬁer K+ current parameters. The data given in the Courtemanche et al. report is shown 
on the left figure (Courtemanche et al. 1998). 
 
FIGURE 4 - 11 shows the gating parameters of the ultrarapid delayed rectiﬁer K+ 
current solved with the Runge-Kutta (4,5) integration method.  
 
 
FIGURE 4 - 11 - Gating parameter variables of the ultrarapid delayed rectiﬁer K+ current 
at a period of 1000 ms. 
0
0.2
0.4
0.6
0.8
1
-100 -50 0 50V (mV)
ua_ss
ui_ss
0 100 200 300 400 500 600
0.8
0.85
0.9
0.95
1
1.05
1.1
t (ms)
u
i
 
 
ui
 
 
 
37 
 
 
FIGURE 4 - 11 - (Continued) 
 
The ultrarapid delayed rectiﬁer K+ current calculated using the Runge-Kutta (4,5) 
integration method is shown in FIGURE 4 - 12. 
 
 
 
 
 
 
 
 
FIGURE 4 - 12 - Ultrarapid delayed rectiﬁer K+ current in a period of 1000 ms and 
stimulus current at 100 ms. 
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4.2.5 Rapid Delayed Rectiﬁer K+ Current 
 
This current is given by: 
     
            
      
    
    
  
                                         (4.38) 
where gKr = 0.0294 and xr  is gating variable (Courtemanche et al. 1998), which satisfies 
equation (4.9) with the following coefficients: 
                    
  
                                             (4.39) 
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FIGURE 4 - 13 - Steady state activation and inactivation curves of the rapid delayed 
rectiﬁer K+ current parameter. The data given in the Courtemanche et al. report is shown 
on the left figure (Courtemanche et al. 1998). 
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FIGURE 4 - 14 shows the gating parameter of the rapid delayed rectiﬁer K+ current 
solved using the Runge-Kutta (4,5) integration method. The result is in agreement with 
the result from the Courtemanche et al. model (Courtemanche et al. 1998). 
 
 
FIGURE 4 - 14 - Gating parameter variables of the rapid delayed rectiﬁer K+ current at a 
period of 1000 ms. 
 
The rapid delayed rectiﬁer K+ current calculate using the Runge-Kutta (4,5) 
integration method is shown in FIGURE 4 - 15. 
 
 
 
 
 
 
FIGURE 4 - 15 - Rapid delayed rectiﬁer K+ current in a period of 1000 ms and stimulus 
current at 100 ms. 
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4.2.6 Slow Delayed Rectiﬁer K+ Current 
 
This current is given by: 
         
                                         (4.43) 
where gKs = 0.129 and xs is a gating variable (Courtemanche et al. 1998), which satisfies 
equation (4.9) with the following coefficients:   
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                                  (4.47) 
  
FIGURE 4 - 16 - Steady state activation and inactivation curves of the slow delayed 
rectiﬁer K+ current parameter. The data given in the Courtemanche et al. report is shown 
on the left figure (Courtemanche et al. 1998). 
 
FIGURE 4 - 17 shows the gating parameter of the slow delayed rectiﬁer K+ 
current solved by the Runge-Kutta (4,5) integration method. 
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FIGURE 4 - 17 - Gating parameter variables of the slow delayed rectiﬁer K+ current at a 
period of 1000 ms. 
 
The slow delayed rectiﬁer K+ current calculated using the Runge-Kutta (4,5) 
integration method is shown in FIGURE 4 - 18. 
 
 
 
 
 
 
 
FIGURE 4 - 18 -Slow delayed rectiﬁer K+ current in a period of 1000 ms and stimulus 
current at 100 ms. 
 
4.2.7 L-Type Inward Ca2+ Current 
 
The L-type inward Ca
2+
 current is given by: 
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where gCa,L = 0.1238 and d, f, and fCa  are gating variables (Courtemanche et al. 1998), 
which satisfies the equation (4.9) where y is any of d, f, or fCa with the following 
coefficients: 
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                                         (4.50) 
                        
                              (4.51) 
          
     
   
  
  
                                        (4.52) 
                      
      
 
       
 
  
                                 (4.53) 
 
 
  
FIGURE 4 - 19 - Steady state activation and inactivation curves of the L-type inward 
Ca2+ current parameters. The data given in the Courtemanche et al. report is shown in 
the left figure (Courtemanche et al. 1998).  
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FIGURE 4 - 20 shows the L-type inward Ca
2+
 current solved by the Runge-Kutta 
(4,5) integration method. The result is in agreement with result from Courtemanche et al. 
 
 
 
 
FIGURE 4 - 20 - Gating parameter variables of the L-type inward Ca2+ current at a 
period of 1000 ms. 
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The L-type inward Ca
2+ 
current calculated using the Runge-Kutta (4,5) integration 
method is shown in FIGURE 4 - 21. 
 
 
 
 
 
 
 
FIGURE 4 - 21 - L-type inward Ca
2+
 current in a period of 1000 ms and stimulus current 
at 100 ms. 
 
4.2.8 Ca2+ Pump Current 
 
The current is given by: 
                
      
 
              
                            (4.54) 
where according to the Courtemanche et al. model, Ip,Ca(max) = 0.275 (Courtemanche et al. 
1998).  
The Ca
2+ 
pump current calculated using the Runge-Kutta (4,5) integration method 
is shown in FIGURE 4 - 22. 
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FIGURE 4 - 22 - Ca2+ pump current in a period of 1000 ms and stimulus current at 100 
ms. 
 
4.2.9 Na+- K+ Pump Current 
 
This current is given by: 
                  
 
   
       
      
 
    
     
            
               (4.55) 
where INaK(max) = 0.6, Km,Na(i) and Km,K(o) are the [Na
+
]i and [K
+
]o half saturation constants, 
respectively (Courtemanche et al. 1998).  fNaK is given by: 
                      
  
  
                
  
  
                              (4.56) 
  
 
 
     
      
    
                                         (4.57) 
The Na
+
- K
+ 
pump current calculated using the Runge-Kutta (4,5) integration 
method is shown in FIGURE 4 - 23. The result is in agreement with the result from 
Courtemanche et al. (Courtemanche et al. 1998).  
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FIGURE 4 - 23 - Na+- K+ pump current in a period of 1000 ms and stimulus current at 
100 ms. 
 
4.2.10 Na+-Ca2+ Exchanger Current 
 
This current is given by: 
        
               
   
  
        
        
 
     
        
  
       
        
 
     
         
                             
       
  
  
       (4.58) 
where INaCa(max) = 1600.0, γ =0.35 , Km,Na and Km,Ca are the [Na
+
]i and [Ca
2+
]o half 
saturation constants, respectively, and Ksat =0.1 is a saturation factor (Courtemanche et al. 
1998). 
The Na
+
- Ca
2+ 
exchanger current calculated using the Runge-Kutta (4,5) 
integration method is shown in FIGURE 4 - 24. 
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FIGURE 4 - 24 - Na
+
- Ca
2+
 exchanger current in a period of 1000 ms and stimulus 
current at 100 ms. 
 
4.2.11 Background Na+ Current 
 
The background Na
+
 current is given by: 
                                                          (4.59) 
where gb.Na is the maximal conductance for Na
+
 (Courtemanche et al. 1998). 
FIGURE 4 - 25 shows the background Na
+
 current calculated using the Runge-
Kutta (4,5) integration method. 
 
  
 
 
 
 
FIGURE 4 - 25 - Background Na
+
 current in a period of 1000 ms and stimulus current at 
100 ms. 
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4.2.12 Background Ca2+ Current 
 
This current is given by: 
                                                                 (4.60) 
where gb.Ca is the maximal conductance for Ca
2+ 
(Courtemanche et al. 1998). 
 
 
 
 
 
 
FIGURE 4 - 26 - Background Ca
2+
 current in a period of 1000 ms and stimulus current at 
100 ms. 
 
4.2.13 Ca2+ Uptake Current into NSR 
 
This current is given by: 
    
        
   
   
       
 
                                                      (4.61) 
where Iup(max) is the maximal Ca
2+
uptake rate and Kup is the[Ca
2+
]i half saturation constant 
(Courtemanche et al. 1998).  
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FIGURE 4 - 27 - Ca2+ uptake current into NSR current in a period of 1000 ms and 
stimulus current at 100 ms. 
 
4.2.14 Ca2+ Leak Current from NSR 
 
Ca
2+ 
leak current from NSR is given by: 
          
      
  
           
                                     (4.62) 
where [Ca
2+
]up,max is the maximal Ca 
2+
 concentration in NSR (Courtemanche et al. 1998). 
Ca
2+
 leak current from NSR with the Runge-Kutta (4,5) integration method is 
shown in FIGURE 4 - 28.  
 
 
 
 
 
 
FIGURE 4 - 28 - Ca
2+
 leak current from NSR current in a period of 1000 ms and stimulus 
current at 100 ms. 
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4.2.15 Ca2+ Release Current from JSR 
 
Ca
2+ 
release current from JSR is given by: 
          
                 
                               (4.63) 
where Krel is the maximal release rate for Irel, u, v, and w are gating variable 
(Courtemanche et al. 1998), which satisfy equation (4.48) with the following coefficients: 
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                            (4.69) 
where Fn is the sarcoplasmic Ca
2+
 flux signal (Courtemanche et al. 1998).  
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FIGURE 4 - 29 - Steady state activation and inactivation curves of the Ca
2+
 release 
current from JSR parameters. The data given in the Courtemanche et al. report is shown 
on the left figure (Courtemanche et al. 1998).  
 
FIGURE 4 - 30 shows the gating parameters of the - Ca
2+
 release current form 
JSR generated with the Runge-Kutta (4,5) integration method. The result is in agreement 
with data from Courtemanche et al. 
 
 
 
 
 
 
 
 
 
FIGURE 4 - 30 - Gating parameter variables of the Ca
2+
 release current from JSR at a 
period of 1000 ms. 
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Irel has a very small value and is slightly changed during action potential duration.  
Irel current is shown in FIGURE 4 - 31. 
 
 
 
 
 
 
 
FIGURE 4 - 31 - Ca2+ release current from JSR current in a period of 1000 ms and 
stimulus current at 100 ms. 
 
4.2.16 Ca2+ Transfer Current from NSR to JSR 
 
Finally, the calcium transfer current from NSR to JSR is given by:  
     
      
  
        
   
   
                                           (3.70) 
where τtr = 180 (Courtemanche et al. 1998).  
 
 
 
 
 
FIGURE 4 - 32 - Ca2+ current from NSR to JSR in a period of 1000 ms and stimulus 
current at 100 ms. 
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4.2.17 Total Ionic Current 
 
Total ionic current is given as follows and is shown in FIGURE 4 - 33. 
                                                                            
 
 
 
 
 
 
 
 
FIGURE 4 - 33 - Total current in a period of 1000 ms and stimulus current at 100 ms. 
 
Twelve ionic currents are involved in this model. FIGURE 4 - 34 shows the role 
of these currents during the action potential.  
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FIGURE 4 - 34 - 12 ionic currents in a period of 1000 ms and stimulus current at 100 ms 
solved with the Runge-Kutta (4,5) integration method. 
 
As FIGURE 4 - 34 shows, the L-type Ca
2+
 current iCaL and the outward K
+
 
currents ito, ikr, and ikur have the most significant role in the atrial cell action potential. 
However, the significance of the other ionic currents is still important for accurate 
modeling. 
 
4.2.18 Atrial Cell Action Potential 
 
Action potential of an atrial cell is generated using the Courtemanche et al. model 
and solving a system of ODEs using Matlab ode solver Equation (4.71). 
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 FIGURE 4 - 35 shows the atrial cell membrane action potential generated with 
the Runge-Kutta (4,5) integration method. The result is in agreement with the result from 
Courtemanhe, et al. 
 
 
 
 
 
 
 
FIGURE 4 - 35 - Atrial cell membrane action potential. 
 
The action potential duration can be shortened for faster rates by altering the 
channel conductance of L-type Ca
2+
 current iCaL, the outward K
+
 currents ito, ikr, and ikur 
(Courtemanche et al. 1998). 
FIGURE 4 - 36 shows faster rate in APD by altering iCaL, ito, ikr, and ikur by factors 
1.2, 0.3, 0.7, and 1.2 respectively (A) and 1.6, 0.15, 0.5, 1.2 respectively (B).  
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(A) 
 
 
 
 
 
 
 
(B) 
FIGURE 4 - 36 - Altered membrane action potential for a faster rate. iCaL, ito, ikr, and ikur 
are altered by factors 1.2, 0.3, 0.7, and 1.2 respectively (A) and 1.6, 0.15, 0.5, 1.2 
respectively (B). 
 
4.3 Atrial Tissue Model 
 
A two-dimensional model of human atrial tissue was developed using an ionic-
based membrane model. A small section of atrial tissue was constructed with one type of 
cell. The cells making up the tissue were assumed to be identical and connected to each 
other in a uniform way. The tissue was assumed to be isotropic; hence the conductivity 
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tensors were set to a same value in two directions. There are no currents flowing into and 
out of the tissue. 
Cardiac cells are connected to one another via gap junctions. The electrical 
propagation of the cardiac impulse is obtained by solving a reaction diffusion system 
based on the ionic model. The propagation of action potential is modeled assuming 
monodomain equation given by: (Henriquez & Papazoglou, 1996) 
   
   
  
   
                                                        (4.80)        
where Vm is the transmembrane voltage (mV), Cm = 1(μF/cm
2
) represents the membrane 
capacitance, Sv = 0.24(µm
-1) the cell surface to volume ratio, σ = 0.5 (mS/m)  the 
electrical conductivity tensor of atrial tissue, Ist is the external stimulus current density to 
generate action potential and Iion is the total ionic current calculated using the 
Courtemanche et al. cell model (Courtemanche et al. 1998). 
The stimulus current is applied in a small region of the tissue and action potential 
propagation is modeled. FIGURE 4 - 37 shows the schematic of the model. 
 
 
 
 
 
 
 
FIGURE 4 - 37 - Two-dimensional atrial tissue model. 
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Electrical propagation in atrial tissue involves both the intracellular and 
extracellular compartments (bidomain model) (Skouibine et al. 2000). According to 
Poste, et al. the difference between monodomain and bidomain results is very small 
(Potse et al. 2006). Therefore, the monodomain model is used in this project due to the 
lower computational demand.  
COMSOL Multiphysics is used as the finite element modeling tool in this 
research to model the propagation of action potential in a two-dimensional rectangular 
slice of atrial tissue.  
In COMSOL Multiphysics 4.1 the PDE in coefficient form is taken: 
  
   
   
    
  
  
                                             (4.81) 
For implementing Equ.4.80 in Equ.4.81, the variables are replaced with appropriate 
expressions.  
The ionic current is taken from the cell model. The ionic current is a function of 
transmembrane potential, gating and ion concentration. Each gating parameters described 
in the cell model is implemented in the COMSOL using the PDE in the coefficient form. 
For each point, a system of 21 coupled nonlinear differential equations is solved. For the 
two-dimensional tissue simulation we considered a 3 X 1 cm rectangle. The 
computational model has 2700 nodes, where each node was assumed to contain a group 
of cells that all behave the same. A rectangular stimulus impulse was applied to the 
electrode and the action potential propagation is calculated in the domain. FIGURE 4 - 38 
shows the membrane action potential as a function of time at 4 different locations. It 
clearly shows the excitation of the tissue as a response to a single stimulation impulse 
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applied to the electrode on the right side. The propagation of action potentials and their 
moving direction in 2D tissue is shown in FIGURE 4 - 39. 
 
 
 
 
 
 
 
 
 
 
  
FIGURE 4 - 38 - Membrane action potential V as a function of time at 4 different 
locations. A rectangular stimulation impulse is applied to the electrode on the right side 
of the tissue (1). Action potential propagation in the tissue (2). 
1. 
2. 
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FIGURE 4 - 39 - Two-dimensional propagation of atrial action potential. A rectangular 5 
ms impulse is applied at the right side. The resulting action potential propagation is 
shown at time = 20 ms. The arrow shows the direction of action potential propagation. 
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CHAPTER 5 
ATRIAL ELECTROGRAM MODEL 
 
5.1 Introduction 
 
Atrial electrograms are recorded during mapping studies in patients with AF. The 
electrogram is the recording of the extracellular potential.  
The extracellular potential Φe was modeled based on the current source 
approximation for a large unbounded volume conductor (Lesh et al. 1988). 
           
 
    
  
  
   
                                            (5.1) 
where σe is the extracellular conductivity (the saline bath conductivity) 1.5 (S/m), |r| is 
the distance between the recording electrode and the tissue, and Im is the transmembrane 
current (µA/cm
3
) given by: 
                                                            (5.2) 
The extracellular potential calculated above gives a unipolar recording. The 
bipolar recording is the difference between the two unipolar electrograms (Podrid & 
Kowey, 2001).  
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5.2 Electrogram Model  
 
The stimulus current was applied in a small region of the tissue and an electrode 
array recorded the extracellular potential on the tissue. The electrode array dimensions 
were based on the electrode catheter used to record human atrial electrograms. FIGURE 5 
- 1 shows the schematic of the tissue model and dimensions of the electrode catheter.  
 
 
 
 
 
 
 
 
 
FIGURE 5 - 1 - Two-dimensional atrial tissue with an electrode array and a stimulus 
region. Electrode catheter used to record human atrial electrograms is shown on the top 
right corner. 
 
The unipolar electrograms were modeled relative to the zero reference potential in 
an unbounded bath. FIGURE 5 - 3 represents the comparison of the unipolar recording 
computed by the model at 4 locations using unipolar electrodes and a human unipolar 
electrogram. It shows that the electrogram model is similar to the atrial electrogram 
obtained from the patient. 
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The electrogram obtained from the patient was the high right atrium electrograms 
(HRA) (FIGURE 5 - 2) including both atrial and ventricular electrical activities. The 
signals related to the atrial were extracted to be compared to the model. 
 
 
FIGURE 5 - 2 - High right atrium electrogram obtained from a patient. The atrial 
electrograms are marked. 
 
 
 
 
 
 
 
 
 
 
 
 
64 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIGURE 5 - 3 - Atrial electrograms were computed at 4 locations on unipolar electrodes. 
The computed atrial electrograms are in agreement with the human atrial electrograms 
recorded with a mapping electrode catheter.  
 
The size of the electrode is a significant factor in reducing the background noise 
during the electrogram recording. Therefore, the smaller the surface area of the plates is, 
the less background noise will capture (FIGURE 5 - 4). The electrograms shown in 
FIGURE 5 - 4 are computed from electrode 1 with the similar conditions. 
 
 
Recording Electrodes 
Impulse 
Human Atrial Electrograms Recorded with a 
Mapping Electrode Catheter. 
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FIGURE 5 - 4 - The background noise increases by increasing the electrode surface area 
by factors of 2 and 4. 
 
Another important factor in electrograms recording using electrode array is the 
distance between the recording electrodes and the tissue. The distance is proportional to 
the amplitude size of the signal. An increase in the distance of the recording electrode and 
the tissue decreases the amplitude of the signal. Typical distance during mapping 
procedure is approximately 5mm. FIGURE 5 - 5 represents that increasing the distance 
between the recording electrode and tissue decreases the amplitude of the signal. 
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FIGURE 5 - 5 - Unipolar electrogram computed in 4 different distances at the same 
location. It shows that the amplitude of the signal decreases as the distance gets 
increased. 
 
Bipolar atrial electrograms are more distinct and recorded during human mapping 
recording (Moss & Allen, 2007 ). Bipolar electrogram was also modeled by taking the 
difference between two unipolar electrograms (Podrid & Kowey, 2001). FIGURE 5 - 6 
shows the bipolar electrogram computed based on the electrodes 1 and 2. It clearly shows 
that the bipolar electrogram model is identical to the bipolar electrogram obtained from 
the patient. 
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FIGURE 5 - 6 - Bipolar electrogram obtained from the difference between the 
electrograms recorded at two unipolar electrodes. The computed bipolar electrogram is in 
agreement with the bipolar human atrial electrogram recorded with a mapping electrode 
catheter. 
 
 
 
 
 
 
Bipolar Human Atrial Electrogram recorded with a 
Mapping Electrode Catheter 
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CHAPTER 6 
ATRIAL FIBRILLATION ABLATION MODEL 
 
6.1 Introduction 
 
The final goal of the project is to understand the effect of ablation lines in the 
electrical propagation in the atrium. Fibrillation can be induced to the model by applying 
rapid stimulation. Then, simulating an ablation line with a computer model is simple and 
was done by defining an additional domain located between the stimulated region and 
electrode array with lower electrical conductivity. Two electrodes recorded the 
electrograms at two sides of the ablation line. 
The primary goal of creating ablation lines in the atria is to create insulated 
barriers in the tissue to redirect the disorganized signals to follow a normal pathway. It is 
very important to create a continuous and transmural ablation lines. Any discontinuities 
in the ablation line can lead to the reentries and sustaining the fibrillation.  
Creating linear scars in the tissue destroys some excitable cells and alters the 
conductivity properties of the tissue. Ablated areas are replaced by fibrous tissues during 
healing (Haines, 2000). The conductivity of fibrous tissue is less than normal myocardial 
tissue.  
Atrial fibrillation ablation therapy was modeled by simulating an ablation line 
located in the two-dimensional tissue model, giving rise to an additional domain located 
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between the stimulated region and electrode array (FIGURE 6 - 1). The behavior of the 
electrical propagation is investigated with a complete ablation and a fractional ablation.  
 
 
 
 
 
 
 
 
 
FIGURE 6 - 1 - Two-dimensional atrial tissue with a fractional ablation line. 
 
As it was mentioned, the ablation region has a lower conductivity than the rest of 
the myocardial tissue. However, the change in conductivity does not occur at the time of 
ablation. Conductivity change happens after the healing process is complete. Healing 
time for ablation therapy is normally long and could be about six to eight weeks (Elsaie 
& Choudhary, 2010). However, when the scars form, fibrous tissue replaces the normal 
myocardial tissue. This will result in the change of the electrical conductivity of the area. 
The fibrous tissue has a very large resistivity; therefore, the electrical conductivity of the 
ablation line is assumed to be very close to zero (0.05 mS/m). We also studied the 
behavior of the model as the conductivity of the ablation line decreases from normal 
conductivity (0.5 S/m) to zero.  
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6.2 Complete Ablation 
 
Complete ablation prevents the propagation of action potential. FIGURE 6 - 2 
shows the action potential behavior and the electrograms computed at both sides of the 
complete ablation line. If the ablated tissue is completely replaced by fibrous tissue, the 
electrical conductivity of the lesion will be close to zero. Therefore, it does not propagate 
the action potential. As a result, the action potential will not reach the other side of the 
ablation line. 
 
 
  
 
 
 
 
 
 
 
.  
FIGURE 6 - 2 - Fibrillation induced to the model including a complete ablation line by 
rapid stimulation. A complete ablation line with electrical conductivity of 0.05 mS/m 
prevents the propagation of action. (1) Electrogram computed behind the ablation line. It 
shows the fibrillation as a result of rapid stimulation. (2) Electrogram computed in front 
of the ablation line. It shows that a complete ablation line with electrical conductivity of 
0.05 mS/m prevents the propagation of action potential. 
 
1. 
2. 
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FIGURE 6 - 3 shows the propagation of action potential in the two-dimensional 
tissue model. The currents cannot fully flow through the ablation line and reach the other 
side of the tissue.  
 
 
 
 
FIGURE 6 - 3 - Two-dimensional propagation of action potential in a tissue with a 
complete ablation line. 
  
6.3 Fractional Ablation 
 
Fractional ablation allows the propagation of action potential through the gaps. It 
causes action potential delay. The currents flow through the gaps and reach the other side 
of the ablation line. FIGURE 6 - 4 shows the action potentials and the electrograms 
computed at both sides of a fractional ablation line. The figure shows that the action 
potential reaches the other side of the ablated line with some time delay. 
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FIGURE 6 - 4 - Fibrillation induced to the model including a fractional ablation line by 
rapid stimulation. A fractional ablation line with electrical conductivity of 0.05 mS/m 
was applied to the model. Action potentials propagate through the gaps and activate the 
tissue on the other side of the ablation line. (1) Electrogram computed behind the ablation 
line. It shows the fibrillation as a result of rapid stimulation. (2) Electrogram computed in 
the front of the ablation line. It shows the similar behavior on the other side of the 
ablation line with some excitation delay. 
 
The membrane potential propagation in the two-dimensional tissue is shown in 
FIGURE 6 - 5. The figure shows how the action potential propagates through the gaps 
and reaches the other side of the ablation line.  
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FIGURE 6 - 5 - Two-dimensional propagation of action potential in a tissue with a 
fractional ablation line. 
 
6.4 The Effect of Change Conductivity  
 
In the last section of this chapter, we studied the effect of change in the lesion 
electrical conductivity on the propagation of action potential. The speed of action 
potential propagation decreases by decreasing the conductivity of the ablation line. 
FIGURE 6 - 6 shows the electrograms computed at the first electrode of the electrode 
array on the tissue including a complete ablation line. The stimulus impulse is applied at 
1ms. The electrical conductivity of the ablation line is set to be 0, 0.05, 0.1, and 0.5 
(mS/m). Decreasing the conductivity of the ablation line delays the excitation of the 
tissue at the locations behind the ablation line. Complete ablation lines with electrical 
conductivity close to zero prevent the propagation of action potential.  
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FIGURE 6 - 6 - Atrial electrograms computed at the electrode 1 on tissue with a complete 
ablation line with electrical conductivities of 0.5, 0.1, 0.5, and 0 mS/m. 
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CHAPTER 7 
CONCLUSIONS AND FUTURE WORK 
 
The purpose of this thesis has been the construction of a two-dimensional atrial 
tissue model to study the propagation of action potential and electrograms. The key 
points of the project are summarized here and followed by a review of possible future 
directions.  
 
7.1 Conclusions 
 
The impact of atrial fibrillation in terms of prevalence and challenging treatment 
has been underlined. The emergence of computer models and mathematical simulations 
in this field with their advantages has been provided. 
A brief overview of the overall function of the human cardiovascular system and 
atrial fibrillation has been presented. It has been discussed the main aspects of atrial 
fibrillation. Overviews of the currently available ablation procedure for atrial fibrillation 
treatment and its limitations have been discussed.  
The electrical activity of the heart and the concepts of cell excitability and action 
potential have been described. A description of the principal ions involved in the action 
potential has been provided. The standard mathematical model of cardiac action potential 
has been presented in this chapter as well. 
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The Courtemanche et al. atrial cell model has been generated using different 
numerical methods to solve ODE systems. A system of 21 differential equations has been 
solved with the Runge-Kutta (4,5) integration method. The result was in agreement with 
Courtemanche et al. The results have indicated that iCaL, ito, ikur, and iK1, have the most 
important role in the atrial action potential. Modifying the action potential can be 
achieved by altering these currents. The action potential duration can be shortened for 
faster rate by altering the channel conductance of these currents. Action potential 
propagation has been demonstrated for isotropic mondomain cardiac model in this 
chapter as well. The atrial action potential propagation in a two-dimensional model has 
been presented. 
The mathematical model of atrial electrograms recorded with mapping catheter 
has been presented. The unipolar and bipolar electrograms have been constructed. The 
results were in agreement with the human atrial electrograms recorded at right atrial sites 
in a patient. The relationship between the size of the recording electrode and shape of the 
signal has been described. It has also been shown that the distance between the recording 
electrode and the tissue is inversely proportional to the amplitude of the signal. 
The atrial ablation model has been constructed. Atrial fibrillation was induced to 
the model and the effect of ablation line on propagation of atrial fibrillation has been 
investigated. It has been shown that presenting some gaps along the ablated line allow the 
action potentials to propagate through those gaps; therefore, it causes a delay of a few 
milliseconds in excitation of the tissue behind the ablated line. However, complete 
ablation with conductivity of close to zero will prevent the excitation behind the ablation 
line.  
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Therefore, according to these achievements the success rate of ablation procedure 
is mainly correlated with the creation of a continuous lesion lines and also the formation 
of fibrous tissue. In order to prevent the propagation of action potential, the ablated 
regions of myocardial tissue must be fully replaced by fibrous tissue to produce insulated 
barriers with electrical conductivity close to zero. Therefore, it is possible to redirect the 
disorganized signals to follow a normal pathway. 
 
7.2 Future Work 
 
In order to better understand the behavior of the ablation lines and their role in 
action potential propagation, a three-dimensional realistic model of atrial needs to be 
constructed. The two-dimensional model of a myocardial sheet developed in this project 
can next be used to develop a three-dimensional model with more than one type of cells 
and introduce anisotropy. Consequently, the entire atrial tissue can be constructed 
including SA node with a realistic geometry. The model will be capable of being 
modified with the aim of obtaining a preferred action potential. Such a computer model 
can be beneficial prior to the ablation procedures to examine effects of ablation sites on 
treating atrial fibrillation.  
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Appendix I Glossary 
(Courtemanche et al. 1998) 
[Ca]Cmdn 
Ca
2+
 bound calmodulin 
concentration 
 
fNaK 
Voltage-dependence 
parameter for INaK 
[Ca]Csqn 
Ca
2+
 bound calsequestrin 
concentration 
 
gb,Ca Maximal Ib,Ca conductance 
[Ca]rel 
Ca
2+
 concentration in release 
compartment 
 
gb,Na Maximal Ib,Na conductance 
[Ca]Trpn 
Ca
2+
 bound troponin 
concentration 
 
gCa,L Maximal ICa, L conductance 
[Ca]up 
Ca
2+
concentration in uptake 
compartment 
 
gK1 Maximal IK1 conductance 
[Ca]up(max) 
Maximal Ca
2+
 concentration in 
NSR 
 
gKr Maximal IKr conductance 
[Cmdn]max 
Total calmodulin concentration 
in myoplasm 
 
gKs Maximal IKs conductance 
[Trpn]max 
Total troponin concentration in 
myoplasm 
 
gKur Maximal IKur conductance 
[X]i 
Intracellular concentration of 
ion X 
 
gNa Maximal INa conductance 
[X]o 
Extracellular concentration of 
ion X 
 
gto Maximal Ito conductance 
AP Human atrial action potential  
 
h 
Fast inactivation gating 
variable for INa 
Cm Membrane capacitance  Ib,Ca Background Ca
2+
 current 
Cmdn 
Calmodulin, sarcoplasmic Ca
2+
 
buffer 
 
Ib,Na Background Na
+
 current 
Csqn Calsequestrin, JSR Ca
2+
 buffer  ICa,L L-type inward Ca
2+
 current 
d 
Activation gating variable for 
ICa,L 
 
Iion Total ionic current 
De 
Extracellular conductivity 
tensor 
 
IK1 Inward rectiﬁer K
+
 current 
Di 
Intracellular conductivity 
tensor 
 
Ikr 
Rapid delayed ractifier K
+
 
current 
Ex Equilibrium potential for ion x 
 
Iks 
Slow delayed ractifier K
+
 
current 
F Faraday constant 
 
Ikur 
Ultrarapid delayed ractifier 
K
+
 current 
f 
Voltage dependent inactivation 
gating variable for ICa,L 
 
Im membrane current 
fCa 
Ca
2+
-dependent inactivation 
gating variable for ICa, L 
 
INa Fast inward Na
+
 current 
Fn 
Sarcoplasmic Ca flux signal for 
Irel 
 
INaCa Na
+
/ Ca
2+
 exchanger current 
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Appendix I (Continued) 
INaCa(max) INaCa scaling factor  R Gas constant 
INaK Na
+
-K
+
 pump current  SR Sarcoplasmic reticulum 
INaK(max) Maximal INaK 
 
Sv 
Ratio of membrane surface 
area to tissue volume 
Ip,Ca 
Sarcoplasmic Ca
2+
 pump 
current 
 
T Temperature 
Ip,Ca(max) Maximal Ip,Ca 
 
Trpn 
Troponin, sarcoplasmic Ca
2+
 
buffer 
Irel 
Ca
2+
 release current form the 
JSR 
 
u 
Activation gating variable for 
Irel 
Ist Stimulus current 
 
ua 
Activation gating variable for 
Ikur 
Ito Transient outward K
+
 current 
 
ui 
Inactivation gating variable 
for Ikur 
Itr 
Ca
2+
 transfer current from 
NSR to JSR 
 
V Transmembrane Potential 
Iup 
Ca
2+
 uptake current into the 
NSR 
 
(z) v 
Ca
2+
 ﬂux-dependent 
inactivation gating variable 
for Irel 
Iup(max) 
Maximal Ca
2+
 uptake rate for 
Iup 
 
VCell Volume cell 
Iup,leak  Ca leak current from the NSR  Vi Intracellular volume 
j 
Slow inactivation gating 
variable for INa 
 
Vrel 
SR release compartment 
volume 
JSR 
Junctional SR, SR release 
compartment 
 
Vup 
SR uptake compartment 
volume 
KQ10 
Q10-based temperature 
adjustment factor 
 
w 
Voltage-dependent 
Inactivation gating variable 
for Irel 
krel 
Maximal Ca
2+
 release rate for 
Irel 
 
x∞ (xss) 
Steady-state relation for 
gating variable x 
m 
Activation gating variable for 
INa 
 
xr 
Activation gating variable for 
Ikr 
NSR 
Network SR, SR uptake 
compartment 
 
xs 
Activation gating variable for 
Iks 
oa 
Activation gating variable for 
Ito 
 
αx 
Forward rate constant for 
gating variable x 
oi 
Inactivation gating variable 
for Ito 
 
βx 
Backward rate constant for 
gating variable x 
Q10 Temperature adjustment factor 
 
γ 
Voltage-dependence 
parameter for INaCa 
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Appendix I (Continued) 
σ 
[Na
+
]o dependence parameter 
for INaK 
 
τtr Ca
2+
 transfer time constant  
τx 
Time constant for gating 
variable x 
 
ϕe Extracellular potential  
ϕi Intracellular potential  
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Appendix II Model Constants 
(Courtemanche et al. 1998) 
Constants Definition Value Unit 
R Gas constant 8.31 J.K
-1
.mol
-1
 
T Temperature 310 K 
F Faraday constant 96.49 C/mmol 
Cm Membrane capacitance 1 μF/cm2 
Vi Intracellular volume 13668 μm3 
Vup SR uptake compartment volume 1109.52 μm3 
Vrel SR release compartment volume 96.48 μm3 
[K
+
]o Extracellular concentration of K
+
 5.4 mM 
[Na
+
]o Extracellular concentration of Na
+
 140 mM 
[Ca
2+
]o Extracellular concentration of Ca
2+
 1.8 mM 
gNa Maximal INa conductance 7.8 nS/pF 
gk1 Maximal IK1 conductance 0.09 nS/pF 
gto Maximal Ito conductance 0.1652 nS/pF 
gKr Maximal IKr conductance 0.0294 nS/pF 
gKs Maximal IKs conductance 0.129 nS/pF 
gCa,L Maximal ICa,L conductance 0.1238 nS/pF 
gb,Ca Maximal Ib,Ca conductance 0.00113 nS/pF 
gb,Na Maximal Ib, Na conductance 0.000674 nS/pF 
INaK(max) Maximal INaK 0.6 pA/pF 
INaCa(max) Maximal INaCa 1600 pA/pF 
Ip,Ca(max) Maximal Ip,Ca 0.275 pA/pF 
Iup(max) Maximal Iup 0.005 mM/ms 
KQ10 
Temperature adjustment factor for Ikur and Ito 
kinetics 3 
 γ Voltage-dependence parameter for INaCa 0.35 
 Km,Na(i) [Na
+
]i half-saturation constant for INaK 10 mM 
Km,Na(o) [Na
+
]o half-saturation constant for INaK 1.5 mM 
Km,Na [Na
+
]o saturation constant for INaCa 87.5 mM 
Km,Ca [Ca
2+
]o half-saturation constant for INaCa 1.38 
 Ksat Saturation factor for INaCa 0.1 
 krel Maximal Ca
2+
 release rate for Irel 30 ms
-1
 
kup [Ca
2+
]o half-saturation constant for Iup 0.00092 mM 
[Ca]up(max) Maximal Ca
2+
 concentration in uptake compart. 15 mM 
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Appendix II (Continued) 
Constants Definition Value Unit 
[Cmdn]max Total calmodulin concentration in myoplasm 0.05 mM 
[Trpn]max Total troponin concentration in myoplasm 0.07 mM 
[Csqn]max Total Calsequestrin concentration in myoplasm 10 mM 
Km,Cmdn [Ca
2+
]i half-saturation constant for calmodulin 0.00238 mM 
Km,Trpn [Ca
2+
]i half-saturation constant for troponin 0.0005 mM 
Km,Csqn [Ca
2+
]rel half-saturation constant for Iup 0.8 mM 
Sv Ratio of membrane surface area to tissue volume 0.024 cm-1 
De Extracellular conductivity tensor  1.68 mS/cm 
Di Intracellular conductivity tensor in x direction 5.6 mS/cm 
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Appendix III Copyright Permissions 
 
III.1 Copyright Permission Request FIGURES 3 - 1 and 3 - 2 
 
Richard Klabunde <reklabunde@gmail.com> 
Wed, Jun 8, 2011 at 8:38 
AM 
To: Samineh Esfahani <sesfahan@mail.usf.edu> 
Samineh, 
 
You have my permission to use the following two figures in your thesis: 
http://www.cvphysiology.com/Arrhythmias/A006.htm 
http://www.cvphysiology.com/Arrhythmias/A004.htm 
 
This permission extends to any future revisions, editions, and translations provided 
that my name and website are cited as the source for these figures. 
 
Sincerely, 
 
Richard Klabunde, Ph.D. 
Ohio University 
Athens, Ohio 
[Quoted text hidden] 
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Appendix III (Continued) 
 
III.2 Copyright Permission Request FIGURE 2 - 2 
 
Samineh Esfahani <sesfahan@mail.usf.edu> 
Tue, Jun 7, 2011 at 9:07 
PM 
To: ewu@analysisgroup.com 
Dear Mr. Wu: 
 
I am a student at the University of South Florida and am completing master thesis 
titled “Two-Dimensional Computer Model of Human Atrial Ablation.” I would 
like your permission to reprint in my work excerpts from the work identified below: 
Chapter 2 Wu, E. Q., Birnbaum, H. G., Mareva, M., Tuttle, E., Castor, A. R., 
Jackman, W., et al. (2005). Economic burden and co-morbisities of atrial fibrillation 
in a privately insured population. Current Medical Research and Opinion , 21 (10), 
1693-1699. 
The excerpts of the work to be reproduced in my work are attached in this Email. 
 
I am requesting permission to include these excerpts in my work and plan to 
distribute the work freely via the internet.I am requesting that your permission 
extends to any future revisions, editions, and translations of this work made by me or 
on my behalf . If you approve of the use requested above, kindly respond to my 
Email. My thesis submission deadline is June 25th, 2011.   
I sincerely appreciate it. If you have any questions or concerns, please do not hesitate 
to contact me, either by phone at813-420-5353 or by email at sesfahan@mail.usf.edu 
 
Samineh R. Esfahani 
College of Engineering 
University of South Florida 
4202 E. Fowler Ave, ENB 118 
Tampa, FL 33620 
 
 
 
Wu, Eric <EWu@analysisgroup.com> Thu, Jun 9, 2011 at 7:37 AM 
To: Samineh Esfahani <sesfahan@mail.usf.edu> 
Yes, it is approved.  best,  Eric 
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Appendix III (Continued) 
 
III.3 Copyright Permission Request 
 
Samineh Esfahani <sesfahan@mail.usf.edu> 
Tue, Jun 14, 2011 at 7:32 
PM 
To: mail@medmovie.com 
Dear Permissions Coordinator: 
I am a student at the University of South Florida and am completing master thesis 
titled “Two-Dimensional Computer Model of Human Atrial Ablation.” I would 
like your permission to use a video animation called: Atrial Fib. Ablation with the 
following web address: 
http://www.medmovie.com/mmdatabase/MediaPlayer.aspx?ClientID=13&TopicID=8
37 
I am requesting permission to include this excerpt in my thesis presentation only. If 
you approve of the use requested above, kindly respond to my Email. My thesis 
submission deadline is June 25th, 2011.   
I sincerely appreciate it. If you have any questions or concerns, please do not hesitate 
to contact me, either by phone at813-420-5353 or by email at sesfahan@mail.usf.edu 
Samineh R. Esfahani 
College of Engineering 
University of South Florida 
4202 E. Fowler Ave, ENB 118 
Tampa, FL 33620 
 
 
 
Rick Gersony <rgersony@gmail.com> Tue, Jun 14, 2011 at 10:04 PM 
To: Samineh Esfahani <sesfahan@mail.usf.edu> 
Yes you have permission. 
Best Regards, 
Rick Gersony 
CEO 
Medmovie 
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Appendix III (Continued) 
 
III.4 Copyright Permission Request FIGURE 3 - 3 
 
Jones, Jennifer (ELS-OXF) <J.Jones@elsevier.com> 
Wed, Jun 22, 2011 at 11:28 
AM 
To: Samineh Esfahani <sesfahan@mail.usf.edu> 
Dear Samineh R. Esfahani 
 
We hereby grant you permission to reproduce the material detailed below at no 
charge in your thesis, in print and on the University of South Florida web 
sitesubject to the following conditions: 
1. If any part of the material to be used (for example, figures) has appeared in our 
publication with credit or acknowledgement to another source, permission must 
also be sought from that source.  If such permission is not obtained then that 
material may not be included in your publication/copies. 
2. Suitable acknowledgment to the source must be made, either as a footnote or in 
a reference list at the end of your publication, as follows: 
“This article was published in Publication title, Vol number, Author(s), Title of 
article, Page Nos, Copyright Elsevier (or appropriate Society name) (Year).” 
3. Your thesis may be submitted to your institution in either print or electronic 
form. 
4. Reproduction of this material is confined to the purpose for which permission is 
hereby given. 
5. This permission is granted for non-exclusive world English rights only.  For 
other languages please reapply separately for each one required.  Permission 
excludes use in an electronic form other than as specified above.  Should you have 
a specific electronic project in mind please reapply for permission. 
6. This includes permission for UMI to supply single copies, on demand, of the 
complete thesis.  Should your thesis be published commercially, please reapply for 
permission. 
 
 
Yours sincerely 
Jennifer Jones  
Rights Associate 
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III.5 Courtemanche et al. FIGURES 
 
 
